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This work discusses about the transport coefficients for non equilibrium hot metals. First, we
review the role of the non equilibrium Kappa distribution in which the Kappa parameter varies with
the temperature. A brief discussion compares such distribution with the classical non equilibrium
function. Later, we analyze the generalized electrical conductivity obtained from the evolution of
the Kappa distribution. Also, we reexamine the connection between a material-dependent coefficient
which can be extracted from the thermionic emission and the melting point of the metal. We extend
previous studies by analyzing additional metals used as thermionic emitters. Finally, in the light
of the Wiedemann-Franz Law, we present a new generalized thermal conductivity, which is also
applied to several metals.
PACS numbers: 05.90.+m 72.15.Cz 64.70.dj
I. INTRODUCTION
As it is well known, metals in equilibrium are de-
scribed by means of the Fermi-Dirac distribution. How-
ever there are many situations in which the non equi-
librium is present, and it is difficult to assume that this
distribution depicts the electron population of such met-
als. This is the case of metals rapidly heated by means of
dense currents, [1]. Also, the non equilibrium is present
in metals exposed to a high power laser, [2]. The de-
viation from equilibrium has been also investigated con-
cerning the thermionic emission [3–5]. Moreover, there
are reported departures from equilibrium of metals near
their melting point [1, 6]. In addition, the departures
from equilibrium of particle distributions have been also
applied in wider contexts [3].
The Kappa distributions are used to a large extent
in statistical mechanics and other fields to study pop-
ulations near and far from equilibrium. The classical
Kappa is applied to nonequilibrium plasmas in space [7–
9]. These kinds of distributions can be cast from general
formalisms. The non-extensive q-statistics [10, 11], and
the so-called Beck-Cohen superstatistics provide physi-
cal meaning to these distributions [12]. Besides, Kappa
distributions can be studied from the so called Kappa-
deformed algebras [13]. The non-extensive statistics have
been also applied to establish general purpose Kappa dis-
tributions for bosons and fermions [14, 15]. From another
point of view, the Kappa distribution can be regarded as
the solution of the Fokker-Planck equation regarding col-
lective effects and collisional processes, [16].
In this work we will apply the Fermi-Dirac Kappa func-
tion to study in a phenomenological way the behaviour of
the electron population in metals out of equilibrium. We
will focus on metals which are used as thermionic emit-
ters. We will consider a small volume of a metal with
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an external electric field applied to it. Additionally, such
metal is heated by means of an inner current. This heat-
ing can be increased until the melting point. Besides,
from the evolution of the Kappa energy distribution has
been derived a generalized Ohm law containing a gen-
eralized electrical conductivity, [6]. Such conductivity
evolves with the temperature, and it drops when such a
melting temperature is reached. According to [1, 6], the
starting mechanism of melting can be originated from
the enhancement of energy deposition on the metal lat-
tice caused by increasing high energy electron population.
Subsequently, it would increase the defect density on the
lattice leading to the melting.
Through this work, we will review this generalized elec-
trical conductivity and we will apply it to other metals.
Moreover, as we shall see, from such a generalized coef-
ficient, the Wiedemann-Franz Law can be extended in a
phenomenological manner to the non-equilibrium, giving
rise to a generalized thermal conductivity. The result-
ing generalized law is applied later to study the thermal
conductivity of several metals.
II. THE KAPPA DISTRIBUTION IN METALS
The general purpose form for the generalized Kappa
Fermi-Dirac distribution can be put as follows [9, 15],
fFDκ (T,E) =
[
1 +
(
1 +
E − ǫF
φ(κ)
)(κ+1)]−1
(2.1)
where T is the temperature, E, the electron energy, ǫF
being the Fermi energy. Here, φ(κ) is a linear function
proportional to kBT , with kB being the Boltzmann con-
stant. Such φ function can be extracted from a charac-
teristic velocity which is related with the mean square
velocity
〈
v2
〉
, [4, 7]. This distribution, as it can be seen
in Figure 1, is able to develop high energy tails as the
Kappa value becomes lower. The FD distribution is re-
covered for high Kappa values. Moreover, the Fermi en-
2Figure 1: (color on line) Behaviour of the κ-FD distri-
bution of Eq.(2.1) for different values of κ. Here, φ(κ) =
(κ − 3/2) kBT + ǫF . The equilibrium Fermi-Dirac distribu-
tion is recovered as the Kappa becomes higher.
ergies lie around few eV ; much higher than the melting
temperature of real metals. Therefore, following refer-
ence [4], from this distribution it can be derived an ex-
pression which is suitable for metals. The Generalized
FD distribution becomes smoothed for low Kappa values
when (E − ǫF )≪ kBT or (E − ǫF )≫ kBT . Under such
conditions, the following distribution has been built to
describe the metals [4],
fκ(T,E) = Cκ(T )
(
1 +
E − ǫF
Eκ + ǫF
)
−(κ+1)
(2.2)
Here, the constant Cκ(T ) is normalized to the electron
density of the metal, [4]. In this case, the φ(κ) fac-
tor of Equation (2.1) takes into account the velocity
at the Fermi level ǫF = mv
2
F /2 within the calculation
of the mean square velocity. Then, according to refer-
ence [4], the φ(κ) term transforms into Eκ + ǫF , where
Eκ = (κ−3/2) kBT . As expected, for high Kappa values
corresponding to equilibrium, fκ(T,E) recovers the FD
distribution.
In addition, we can test the suitability of the Kappa
distribution to describe a nonequilibrium metal. We can
compare the fκ distribution with the classically linearized
distribution function usually employed to describe the
out of equilibrium electron population of a metal merged
within an electric field, F , [6, 17, 18]. Under these con-
ditions, the distribution function as altered by the field
can be written in terms of the equilibrium Fermi-Dirac
distribution. The non-equilibrium distribution reads as,
fp = fFD + vx g(x, vx, vy, vz) (2.3)
in which, the g function describes the perturbed part and
it is a function of the velocity components through the
modulus of v. The latter can be put in terms of the
evolution of fFD due to the temperature gradient and
the electric field,
g(x, vx, vy , vz) = −τ
[
∂fFD
∂x
+
e F
m|v|
∂fFD
∂|v|
]
(2.4)
where m is the electron mass, and τ stands for a relax-
ation time, which is related with the electron mean free
path, l = |v| τ , [6, 17, 19]. This perturbed term can be
related with the usual BGK collision operator [6, 20]. To
compare with the first order fp distribution, we linearize
the fκ distribution, Eq.(2.2), by developing it in the Tay-
lor series. The result can be seen in Figure 2. Both distri-
butions were evaluated at T = 3000K. As the input for
fp, the electric field was also inserted. From this Figure
we realize the behaviour of both distributions is similar.
As it will be discussed later, this Figure also suggest the
Kappa parameter should also entangle the electric field.
Moreover, from the above distribution, the thermionic
current emitted from the metal surface along the perpen-
dicular direction pointed by the OX axis, can be calcu-
lated [4] using
Jκ(T ) = e
∫
∞
vox
∫
∞
−∞
∫
∞
−∞
vx fκ(T, v) d
3
v
Here vox represents the minimum of velocity needed to
overtake the potential barrier. This yields an expression
which has the form [4],
Jκ(T ) = Bκ(T ) ×
(
1 +
Wf
Eκ + ǫF
)
−κ+1
(2.5)
Here, Bκ(T ) is a factor, and Wf is the usual work func-
tion. For low Kappa values this expression predicts
thermionic currents much higher than those calculated
by the Richarson-Dushmann (RD) law. In the limit for
large κ, the above Equation (2.5) recovers the RD law.
To test Equation (2.5), in a previous work, [5], a set of
experiments has been done. Briefly, it consists of a Tung-
sten wire merged into a vacuum chamber and heated
with a DC current, J . By means of a sweep system,
the emitted current from the wire surface is measured.
From these experiments, a departure from the RD ex-
pression can be observed when the wire temperature be-
comes higher. The high values of the measured emitted
current at high temperature can not be recovered from
the classical expression. The deviation from equilibrium
was calculated using Eq.(2.5) as a function of the Kappa
parameter. As an experimental result, the Kappa param-
eter was found to be temperature dependent, κ(T ). The
possibility of a κ(T ) dependence has been also pointed
out in a more general study on suprathermal distribu-
tions, [15]. Using Equation (2.5) and the experiments,
a linear Kappa law was found through a pure fit of the
current along the available range of temperatures,[5].
κ(T ) = a − b T (2.6)
3Figure 2: (color on line) Comparison between the usual
perturbed distribution of metals fp (dot-dashed line) and the
linearized fκ(solid line) : T = 3000K; F = 1.9kV
Figure 3: (color on line) Electrical conductivity. Comparison
of σκ with the experimental data: Case of Tantalum.
The b slope was found to be material dependent. For
thermionic metals, this value is b ≃ 10−2(K−1) [5, 6]. By
inserting this κ(T ) law into the emitted current Jκ(T ),
the experimental results are recovered with a very good
agreement over the entire temperature range. Therefore,
the experiments and this later law, indicate that the de-
parture from the equilibrium of metals is governed by the
temperature modulated by the b coefficient. The scope
and the suitability of such a linear κ(T ) law will be dis-
cussed later.
III. GENERALIZED THERMAL AND
ELECTRICAL CONDUCTIVITY OF METALS
In this section, we will analyze the impact of the κ(T )
law when the Kappa distribution evolves according to the
Boltzmann Transport Equation (BTE).[
∂f
∂t
]
coll
= vx
[
∂fκ
∂T
dT
dx
+ e F
∂fκ
∂E
]
(3.1)
In which we use the BTE with fκ(T ), Eqs.(2.2) and (2.6).
The calculations lead to a generalized Ohm Law J = σκF
with an electrical conductivity, σκ, which can be written
as, [6],
σκ = σ
[
1 + Cκ(T,E)
]
(3.2)
Here, σ stands for the usual, equilibrium, electrical con-
ductivity. The corrective term is labeled as Cκ(T,E),
and it becomes zero for large κ. Therefore the usual
Ohm law is recovered for metals in equilibrium. The
explicit form of σκ can be read in Equation (2.20) of
[6]. As the temperature approaches the melting point,
Tm, this correction begins to be important. When Tm
is reached, the σκ becomes singular and subsequently
it drops. The responsible for this vanishing conductiv-
ity is the singular behaviour of the Digamma function,
ψ[κ(b, T )], contained within the corrective term. Such
Digamma depends on the temperature and the material
properties through Kappa. As the temperature rises the
Kappa value decreases and it is controlled by the slope b.
Since such a coefficient is material dependent, this sug-
gests that it contains specific information about how the
particular metal departs from equilibrium, [6].
If there is available experimental data about the slope
of κ(T ) of a metal from its thermionic emission, it can be
used within equation (3.2) in order to predict its melting
point. Conversely, using the value of the melting points
of metals, Tm, as an input, by finding roots from equation
(3.2) the b coefficient can be obtained, [6].
In this work we provide the study about the σκ and b
for Tantalum, since it is also used as a thermionic emitter,
[21]. Figure 3 shows the comparison of the experimen-
tal behaviour of the electrical conductivity of Tantalum
with the temperature and the obtained values from equa-
tion (3.2). The experimental data relevant to this study
was collected from [21–23]. The calculated coefficient is
b = 0.02 K−1 from its melting point Tm(Ta)= 3293K.
The typical Kappa values far from the melting point are
κ(T = 1500K) = 39; a high value which would corre-
spond to a distribution almost in equilibrium. Near the
melting κ(T = 3180K) = 5, it shows the transition to-
ward non-equilibrium. These results are similar to those
found in other thermionic metals in reference [6]. The
electron population develops high energy tails interacting
with the metal lattice and increases the disequilibrium
until it reaches the melting point. This interaction leads
4Figure 4: (color on line) Thermal conductivity, χκ of Tung-
sten for different energies in Fermi energy units, EF .
to the enhancement of energy deposition on the particu-
lar metal lattice. Subsequently this absorption increases
the defect density in the lattice [1], leading to melting.
On the other hand, we can use the Equation (3.2) to
generalize the Wiedemann-Franz law (WFL). First, we
define the generalized thermal conductivity, χκ,
χκ = χ
[
1 + Cκ(T,E)
]
(3.3)
where χ stands for the usual thermal conductivity of
metal in equilibrium. The Cκ within brackets corresponds
to the same corrective term of Equation (3.2).
The classical WFL reads as,
χ
σ T
= LN (3.4)
where, again, σ is the equilibrium electrical conductiv-
ity, and LN is the Lorentz number. We can rewrite the
WFL in terms of the generalized electrical conductivity.
Hence, by inserting Equations (3.2) and (3.3) into the
above expression we attain,
χκ
σκ T
= LN (3.5)
Therefore, the same WFL holds by replacing the usual
transport coefficients with their respective generalized
expressions. Also, from Equation (3.5) it is possible to
calculate χκ through a knowledge of the generalized elec-
trical conductivity of a particular metal.
In Figures 4 and 5, we can observe the results of χκ
obtained for Tungsten and Platinum using Eqs.(3.2) and
(3.5) for different energies, in ǫF units. In the first case
the σκ were obtained from the experimental b coefficient
for Tungsten. In the Pt case the corresponding σκ were
Figure 5: (color on line) Thermal conductivity , χκ of Plat-
inum for different energies in Fermi energy units, EF .
calculated from the experimental melting point. Both
cases agree with the available experimental extrapola-
tions. These extrapolations are based on different exper-
iments on thermal conductivity near the melting point,
[24]. As a new feature, the predicted thermal conductiv-
ity of the solid phase of the metal drops when the melting
point is reached.
IV. CONCLUSIONS
In this work we have studied the previously modeled
ad-hoc Kappa distribution for metals, which comes from
the general Kappa Fermi-Dirac. This fκ function is nor-
malized to the electron density of the metal. By ana-
lyzing the thermionic emission of several metals, it was
found that the Kappa parameter depends on tempera-
ture. From the experiments, this κ(T ) law was found to
be linear. At this point it must be noticed that this lin-
ear law was extracted in a phenomenological way within
a limited temperature range, not from theory. Therefore,
the possibility to find this law as an effective expression
constrained to a small temperature range can not be dis-
carded.
The b slope actually measures the rate of change of
κ with respect to the temperature and it could entangle
the physics of such a mechanism. In addition, to ana-
lyze the suitability of fκ for metals, we compared it with
the classical perturbed distribution function for metals,
finding a similar behaviour. This latter function depends
on the electric field applied to the metal. As it is well
known such a field is a source of disequilibrium [17, 18].
Therefore it supports the idea the κ(T ) law is an effec-
tive expression. It is expected the Kappa parameter de-
pends not only on the temperature, but it should be also
a function of the applied electric field. Looking at the
linear κ(T ) law, it suggests the b coefficient entangles in-
formation not only about the features of the metal, but
5also the conditions leading to nonequilibrium. Hence,
it is mandatory to obtain an explicit expression of this
κ(T,F , ...) law. This work is in progress.
Concerning the mechanism of the development of high
energy tails, again it is entangled within the b coefficient
of the κ(T ) index. The phase transition is mainly de-
scribed by the Digamma terms within Cκ(T,E). As men-
tioned, the Kappa distributions develop through the ad-
justable Kappa parameter. Such an index is modeled on
the terms of the wave-electron interactions and strengths,
[8]. Near the phase transition it is expected that the lat-
tice oscillations will become larger. Their interactions
with the electron-lattice waves could be the origin of the
development of such (low-Kappa) high energy tails. Sim-
ilar effects analyzing the interaction between the phonons
and electrons in heterolayers have been reported [25]. In
this latter case the cause of the increasing energy of the
electron distribution comes from the reabsortion of non-
equilibrium phonons. In our case, as the temperature
rises, the increasing defect density in the metal lattice
could play the role of the heterointerfaces. Again, more
effort is needed to clarify such a topic.
On the other hand, in this work we extended previ-
ous studies by applying the generalized expression of the
electrical conductivity to the case of Tantalum. This lat-
ter metal is also used as a thermionic emitter. We found
all the values extracted are consistent with previous re-
sults from other metal emitters. Finally, in light of the
Wiedemann-Franz Law, we presented a new generalized
thermal conductivity. This Kappa transport coefficient
led us to generalize the WFL to non-equilibrium. As well,
this generalized WFL allowed us to calculate the ther-
mal conductivity values near the melting point of several
metals. These values are consistent with the experimen-
tal extrapolations of the thermal conductivity near their
melting points. In addition, as a new feature, such an
expression makes the thermal conductivity vanish when
the melting point of the solid phase is reached.
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